The role of charges in determining the water solubility of polyelectrolytes, a question of considerable relevance to biology, is currently unresolved. We use computer simulations to study the purely Coulombic phase separation of flexible polyelectrolytes with monovalent counterions in an athermal solvent. In agreement with recent theories we find that the critical temperature for this transition increases with chain length, but that the critical density remains unchanged. We therefore stress that the phase behavior of polyelectrolytes is qualitatively different from uncharged polymers, where the critical density decreases towards zero for long chains. DOI: 10.1103/PhysRevLett.90.048303 PACS numbers: 82.35.Rs, 64.75.+g, 87.15.By Most uncharged polymers are water insoluble. However, the addition of charges on the chain makes them water soluble, a fact that is crucial to the function of biomacromolecules such as DNA. While this rule of thumb for increasing a polymer's water solubility is generally accepted, a sound theoretical basis for this effect remains elusive. To underscore this point, we note that the presence of long-range Coulomb forces makes the theoretical analysis of electrolytes a difficult problem. Thus, understanding of the simplest electrolyte model, a mixture of equal sized hard spheres of opposite charge [the ''restricted primitive model'' (RPM)], has only recently been achieved [1] [2] [3] . Similarly, understanding of a polyelectrolyte solution with monovalent counterions (''polymer RPM'') is incomplete [4 -6].
Most uncharged polymers are water insoluble. However, the addition of charges on the chain makes them water soluble, a fact that is crucial to the function of biomacromolecules such as DNA. While this rule of thumb for increasing a polymer's water solubility is generally accepted, a sound theoretical basis for this effect remains elusive. To underscore this point, we note that the presence of long-range Coulomb forces makes the theoretical analysis of electrolytes a difficult problem. Thus, understanding of the simplest electrolyte model, a mixture of equal sized hard spheres of opposite charge [the ''restricted primitive model'' (RPM)], has only recently been achieved [1] [2] [3] . Similarly, understanding of a polyelectrolyte solution with monovalent counterions (''polymer RPM'') is incomplete [4 -6] .
There are several physical effects which need to be incorporated in a comprehensive theory for polyelectrolyte phase behavior, including (a) the entropy of the chains and counterions, (b) free energy contributions from charge fluctuations of the counterions and the chains, and (c) counterion condensation. To our knowledge, no theory has incorporated all of these factors (e.g., [6 -10] ), and hence contradictory results are obtained. Some meanfield theories, e.g., [8, 10] , account for only factor (a) above and do not predict phase separation driven purely by electrostatics. Mahdi and Olvera de la Cruz's RPA theory [5] allows for the possibility of an effective attraction between polyions of like charge and thus permits phase separation even for monovalent counterions. The predicted critical composition is c 0 in the infinite chain length (N B ! 1) limit, exactly as for uncharged polymers. The work of Jiang et al. [6] and the analytical treatment of Muthukumar [7] include the first two effects scaling. c is independent of N B . We present arguments to suggest that these trends will persist in the N B ! 1 limit, implying that the phase behavior of these systems is qualitatively different from their uncharged analogs where c ! 0 as N B ! 1.
Near Coulombic criticality one encounters significant association effects. Since the T c of the RPM is 0:05 [2, 3] , a pair of opposite charges is held together by 20k B T, making simulations very expensive. It is therefore imperative to consider models which are computationally efficient, and here we consider the most computationally expedient lattice model for polyelectrolyte solutions, where all distances (and hence interactions) can be precalculated and tabulated. The chains are modeled as self-avoiding walks on a cubic lattice [11] . Each chain monomer occupies one lattice site and has a charge q. Each counterion also occupies one lattice site and carries a charge ÿq. Apart from the constraint of single occupancy of lattice sites, the only energetic interaction is a Coulomb potential, u ij q i q j =Dr ij , where q i;j q, D is the dielectric constant of the medium, and r ij is the distance between charges. Periodic boundary conditions are utilized and long-range interactions accounted for through an Ewald sum [12] . Lattice sizes ranged from 16 3 to 24 3 , depending on chain length. We define 2nN B =N 3 , where n is the number of polyions each of length N B , and the reduced temperature T Dk B T=q 2 . T can also be written as the ratio of two length scales, a size variable and the Bjerrum length B q 2 =Dk B T. B is the distance at which the electrostatic energy, q 2 =D B , equals the thermal energy. We perform grand canonical Monte Carlo (GCMC) simulations aided by histogram reweighting techniques [13] and finite-size scaling methodologies for off-lattice fluid models [14] . During an attempted insertion (removal) step, a chain and N B counterions in its immediate vicinity are inserted (removed) just as in [2] . A typical simulation comprises 1 10 6 sweeps, with a mix of 70% chain transfer, 15% reptation, and 15% counterion displacements. Near criticality, the acceptance probability of chain transfers is 7% for N B 3, 0.4% for N B 12, and drops to 0.01% for N B 24. The significant drop in the acceptance probability with increasing N B makes simulation of longer chains prohibitive. We do not examine N B 1 or 2 in detail since their behavior is dominated by the structure of the cubic lattice. The phase behavior of the N B 1 [15, 16] shows an order-disorder phase transition and a tricritical point, but no gas-liquid coexistence. The ordered phase corresponds to a Wigner crystal, with alternating lines of positive and negative charges, which are stabilized by the low configurational entropy of the cubic lattice. We conjecture that the gas-liquid coexistence is metastable relative to this order-disorder transition and is completely ''inside'' this envelope. The phase behavior of the ''polyelectrolyte dimer'' looks similar to a lattice RPM where the lattice size is half the diameter of each sphere [15] . In this case the gas-liquid coexistence is still inside the solid-gas coexistence envelope. For N B 3 an order-disorder phase transition exists at large . However, this is preceded by a gas-liquid phase transition at low density. We point to our past work on the behavior of the RPM on coarse grained lattices [15] , which suggest that lattice effects become minimal when the lattice size is 3 times smaller than the diameter of a sphere. In our case, for N B 3 we believe that a similar logic holds, and lattice effects do not yield qualitatively different physics from off-lattice analogs. This conjecture remains to be verified.
Our predictions for this gas-liquid transition, driven purely by Coulomb effects, are shown in Fig. 1 for 3  N B 24 [17]. Figure 2 shows the dependence of critical parameters on N B . The data are compared to the predictions of Muthukumar [7] and Jiang et al. [6] , and to the Flory theory for uncharged chains [11] . According to Muthukumar c N B is close to the Muthukumar theory [7] , almost quantitatively in agreement with Jiang et al. [6] , and clearly different from the behavior of uncharged polymers. This last fact is further stressed by c ' 0:18, independent of N B . In contrast, for uncharged polymers, c ! 0 as N B ! 1. Thus, the phase diagrams of strongly charged chains appear to be different from those of neutral ones, in agreement with [6, 7] .
To understand the nonzero value of c as N B ! 1, we point to the role of free counterions. In the absence of free counterions, (a) their translational entropy is lost and (b) the chains (with the condensed counterions) strongly attract each other due to dipolar forces [18] . In this case the chains behave as though they are uncharged and typical Flory behavior is recovered, i.e., c ! 0 as N B ! 1. However, no counterion condensation is predicted at infinite dilution for finite length rodlike and flexible polyelectrolytes [19] . For finite concentrations, counterion condensation has been predicted by simple theories [19] [20] [21] and has been seen in simulations [18] . To verify the theoretical predictions of counterion condensation, especially when we extrapolate to ! 0, we define a counterion to be ''condensed'' if it lies within two lattice sites of a given chain monomer. This distance criterion is somewhat arbitrary, but it reflects the fact that, at low T , the strong Coulomb force will drive oppositely charged species nearly to contact, with very little fluctuation effects. The variation of the fraction of free counterions, f, with T along several isochores is shown in Fig. 3 and is compared to the Manning prediction [18, 22] for an infinitely long charged rod. f decreases dramatically in the temperature range (i.e., T 0:20) over which coexistence is expected. Further, f increases with decreasing concentration in accord with [19] and suggests that no counterion condensation can occur for finite chains at infinite dilution.
To understand the consequences of counterion condensation we also examine the variation of chain size with temperature and density in Fig. 3 . At T 1 the chain assumes its self-avoiding conformation, unaffected by electrostatics. With decreasing temperature, the chain see, e.g., [14] .
assumes an increasingly rodlike conformation, due to the dominance of electrostatic repulsions between the chain monomers. With further decreases in temperature, counterion condensation dominates at all finite densities, and the chain with the condensed counterions can lower its energy by taking more compact conformations. In all cases note that the radius of gyration, R g , increases with decreasing at low . We therefore conjecture that chains do not collapse and hence phase separate in the limit of 0. While a similar nonmonotonic temperature dependence of R g has been predicted by scaling arguments [21] and seen in simulations [18] , a more detailed comparison is deferred to future work. Thus, we suggest that c must remain finite even when N B ! 1. While this result needs to be checked by computer simulation, it is easily recognized that simulations of long chains are difficult. At low temperatures the strong dipolar fields created by the monomers and the condensed counterions can create effective chain-chain attractions leading to the formation of stable aggregates of two or more chains: see Fig. 4 (bottom) . These make the insertion and deletion steps in a GCMC simulation prohibitively low probability events. To illustrate these points, we calculated the radial distribution function, g inter r, for monomers that belong to different chains. The resulting potential of mean force, Wr ÿk B T lng inter r, is shown in Fig. 4 (top) . Note that Wr is not a McMillan-Mayer-type effective polyionpolyion potential in a counterion-free discription of a polyelectrolyte, but it can be converted to that form, following [23] . We also note that such aggregates form only at finite , since no condensation is expected for ! 0. Thus, while the argument by Mahdi and Olvera de la Cruz [5] that the chains form a network is correct, this network is not expected to persist to arbitrarily low concentrations. It is for this reason that the c Þ 0 as N B ! 1.
We now examine the relevance of these purely Coulomb ideas on the behavior of real aqueous solutions of polyelectrolytes. For sodium-polystyrenesulfonate, our estimate of T c 0:20 for N B ! 1 translates to T c ÿ100 C. The freezing of water thus precedes Coulomb phase separation. Consequently, the net energy of interaction between like charges in aqueous solutions will be unfavorable for the case of monovalent counterions. While this result is in agreement with experiment, qualitatively new findings are expected in the presence of multivalent counterions, with added salt or in mixed solvents [24] .
